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Abstract. We introduce the notion of L 2 -rigidity for von Neumann algebras, a 
generalization of property (T) which can be viewed as an analogue for the vanishing 
of 1-cohomology into the left regular representation of a group. We show that L 2 - 
rigidity passes to normalizers and is satisfied by nonamenable Hi factors which are 
non-prime, have property T, or are weakly rigid. As a consequence we obtain that 
if M is a free product of diffuse von Neumann algebras, or if M = LY where Y is a 

(2) 

finitely generated group with b\ (Y) > 0, then any nonamenable regular subfactor 
of M is prime and does not have properties Y or (T). In particular this gives a new 
approach for showing primeness of all nonamenable subfactors of a free group factor 
thus recovering a well known recent result of N. Ozawa. 



0. Introduction. 

In their pioneering work of the 80's Connes and Jones ([C3], [CJ]) introduced the 
notion of property (T) (or rigidity) for Hi factors by requiring that any sequence 
of subunital, subtracial completely positive maps which converge pointwise in || • H2 
to the identity also converge uniformly in || ■ H2 to the identity on (iV)i. This 
type of rigidity phenomenon (and it's relative version later introduced by Popa 
[P4]) has since led to the solution of many old problems in von Neumann algebras 
and orbit equivalence ergodic theory ([C2], [IPP], [P3], [P4], [P5]). In [Pe] it was 
shown that property (T) is equivalent to a vanishing 1-cohomology type result for 
closable derivations into arbitrary Hilbert bimodules. This equivalence is achieved 
in part by using Sauvageot's results ([SI], [S3], [CiS]) which state that there is 
a bijective correspondence between densely defined real closable derivations into 
Hilbert bimodules and semigroups of unital, tracial completely positive maps. 

For an inclusion of finite von Neumann algebras (N C M) one cannot obtain 
such a characterization of relative property (T) introduced in [P4] (even if iV itself 
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has property (T)) as there is no guarantee that a closed derivation 5 on M is 
even densely defined on N much less inner. However we will always have that the 
associated semigroup will converge uniformly in || • H2 to id on (N)i and thus we 
may interpret this fact as saying that 5 "vanishes" on N. 

In this paper we will use the techniques above to investigate closable derivations 
into the coarse correspondence L 2 (N)^L 2 (N). We will say that an inclusion of fi- 
nite von Neumann algebra (B C N) is L 2 -rigid if all derivations which arise in this 
way "vanish" in the above sense on £?, (see 3.1 for the precise definition). Deriva- 
tions into the coarse correspondence appear naturally in the context of Voiculescu's 
nonmicrostates approach to free entropy [V], and also play a central role in study- 
ing the first L 2 -Betti number of a von Neumann algebra as introduced by Connes 
and Shlyakhtenko [CSh] (see also [T]). This should be compared to the situation 
for groups where Bekka and Valette [BV] have shown that for a finitely gener- 
ated nonamenable group the first L 2 -Betti number vanishes if and only if the first 
cohomology group into the left regular representation vanishes. 

We will show that given a nonamenable subfactor Q C N and a densely defined 
real closable derivation into (L 2 (N)0L 2 (N))®°° then the derivation must "vanish" 
on Q' H N . Furthermore we will show that from the mixingness of the coarse 
correspondence that if Q' D N is diffuse then we further have that the derivation 
"vanishes" on W*(N"n(Q'^N)). Using a slight modification of the above arguments 
using we will also show that if N is a nonamenable factor which has property 
T of Murray and von Neumann [MvN] then any derivation as above must "vanish" 
on N. The main result is the following: 

0.1. Theorem. Let N be a 11\ factor which is non-prime or has property V, then 
N is L 2 -rigid. 

The above Theorem shows that L 2 -rigidity is a very weak rigidity type phe- 
nomenon (for instance R(E)LF2 is L 2 -rigid even though it has Haagerup's compact 
approximation property [H]). On the other hand we will see that if N is a free 
product of diffuse finite von Neumann algebras or if N = LT where V is a finitely 
generated group with b^\v) > 0, then N is not L 2 -rigid. In [PI] Popa showed 
that for the uncountable free groups, their group factors are prime. Using tech- 
niques from Voiculescu's free probability this was shown by Ge to also be the case 
for countable free groups [Ge]. This was generalized to all free products of diffuse 
finite von Neumann algebras which embed into by Jung [J]. From the above 
remarks we have the following: 

0.2. Theorem. Let M be a free product of diffuse finite von Neumann algebras 
or M — LT where T is a finitely generated group with b\ '(T) > 0, then any regular 
nonamenable subfactor of M is prime and does not have properties V or (T). 
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Using techniques from C*-algebra theory Ozawa was able to show not just that 
the free group factors are prime but that in fact any subfactor of a free group factor 
is prime unless it is amenable [01]. As an application of Theorem 0.1 we obtain a 
new approach to Ozawa's result using the fact that the free groups have the "L 2 - 
Haagerup property", i.e. there exist proper cocycles into direct sums of the left 
regular representation. 

0.3. Theorem. Let Y be a countable discrete group such that there exists a proper 
cocycle b : Y — > (£ 2 Y)®°° , (for example Y = ¥ n , 2 < n < oo). Then any nona- 
menable subfactor of LY is prime. 

It should be noted that although the above result gives a new proof of Ozawa's 
Theorem for the case of the free groups, it is a quite different approach than in [01]. 
Indeed, we use the fact that Y has Haagerup's property in a crucial way. Whereas 
in [01] the above is shown for all hyperbolic groups, many of which have property 
(T). 

In section 4 we investigate derivations which naturally appear in free products 
of von Neumann algebras. These derivations give rise to deformations by free 
products of multiples of the identity, thus we may extend the Kurosh type theorem 
in [IPP] (Theorem 0.1) to include many von Neumann subalgebras which do not 
have relative property (T). The first Kurosh type theorem in von Neumann algebras 
was obtained by Ozawa [02] using C*-algebra theory. 

0.4. Theorem. Let M\ and M 2 be finite factors and let M = M x * M 2 . If 

Q C M is a subfactor such that Q' n M is a nonamenable factor, or if Q C M is 
a nonamenable subfactor with property Y and Q' fl M is a factor, then there exists 
i G {1,2} and a unitary operator u G U(M) such that uQu* C Mj. 

In section 5 we consider the case of a tensor product of Hi factors M = Mi® • • ■ ®M, 
such that each Mj has a derivation into it's coarse correspondence which does not 
"vanish" . We show that if Q is a regular nonamenable subfactor then there exists 
a corner of Q' fl M which embeds into M- for some i < n, where M[ is the von 
Neumann subalgebra obtained by replacing Mj with C in the above tensor product. 
Ozawa and Popa [OP] gave examples of tensor products of von Neumann algebras 
which have unique prime factorization. Using the conjugacy results in [OP] we are 
able to give new examples of this type. 

0.5. Theorem. Let Mi be nonamenable 11\ factors 1 < % < m, such that each 
Mi is a non-trivial free product or LY for some finitely generated group Y with 

(2) 

b\ (T) > 0, assume N\ <g> • ■ • <g> N n = M\® ■ ■ ■ ®M m , for some prime II\ factors 
Ni, . . . , N n , then n = m and there exist ti, t 2 , . . . , t m > with t\ti • ■ -t n = 1 
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such that after permutation of indices and unitary conjugacy we have N l k h = M k , 
Wk < m. 

This work was done while the author was at University of California, Los Angeles. 
The author is very grateful to the kind hospitality and stimulating environment at 
UCLA. In particular the author would like to thank Adrian Ioana and Professor 
Sorin Popa for the many stimulating conversations regarding this work and for 
the insight the author has gained through the collaboration [IPP] . Also the author 
would like to thank Kenley Jung for the useful discussions. 

1. Preliminaries and notation. 

Suppose N is a finite von Neumann algebra with normal faithful trace r, D(5) C 
A is a weakly dense *-subalgebra, H is an N-N Hilbert bimodule, and 5 : D(5) — > H 
is a derivation (S(xy) = xS(y) + S(x)y, Vx,y G D(S)), which is closable (as an 
unbounded operator from L 2 (A, r) to H), and real ({5(x) 7 y8(z)) = (8(z*)y*, S(x*)), 
Vx,y,zeD(6)). 

It follows from [SI] and [DL] that D(5)nN is a *-subalgebra of A and 5\ D ^ nN is 

again a derivation. Let A = 5*5, then A is the generator of a completely Dirichlet 
form [SI]. Associated to A are two natural deformations of A, the first is the 
completely positive semigroup (completely Markovian semigroup) {<pt}t>o, each 
<pt = e x P (~tA) is a c.p. map which is unital (</>t(l) = 1), tracial (ro^ ( = r), and 
positive (r((pt(x)x*) > 0, Vx G A), moreover the semigroup property is satisfied 
((pt+s = (pt ° (j> s , Vs,t > 0), and Vx G A, ||x - (j>t(x)h ^ 0, as t ^ 0. The 
second deformation associated to A is the deformation coming from resolvent maps 
{Va}ct>o, again each r\ a = a(a + Z\) _1 is a unital, tracial, positive, c.p. map such 
that Wx G A, \\x — 77 a (a;) || 2 - ¥ 0, as a — > oo, furthermore f3rj a — ar)f3 = {l3 — a)r} a or]p, 
Va,/3>0. 

The relationship between these maps are as follows and can be found for example 
in [MR]: 

A = lim -(id - 4> t ) = a>(r]~ l - id) = lim a (id - r/ a ), 

t^0 t a^oo 

<pt = exp(— tA) = lim exp(— to(id — r) a )), 

r/ a = a(a + A)~ x = a / e~ at (p t dt. 

Jo 

Note that we will use the same symbols A,<j> t , and r/ a for the maps on A as well as 
the corresponding extensions to L 2 (A, r). Also note that n a maps into the domain 
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of A and Aon a = a(id— i] a ). Furthermore we have that Range(?7 Q ) = D(A) C D(5), 

D(A$) = D(S) =Range(r ] 1 c / 2 ) and Vx G D(5), \\Av(x)\\ 2 = \\S(x)\\ 2 . 

If B C N is a von Neumann subalgebra we will say that a deformation {3> t } t 
converges uniformly on (B)\ if We > 0, 3lq such that Vt > lq, b E (B)i we have that 
||6-^(6)|| 2 <e. 

1.1. Lemma. Let (iV, r) 6e a finite von Neumann algebra, B d N a von Neumann 
subalgebra, and {4>t\t, {Voi}a deformations as above. The deformation {r] a } a con- 
verges uniformly on (-B)i as a — > oo if and only if the deformation {4>t}t converges 
uniformly on (-B)i as t — > 0. 

Proof. Since < 0t < zc?, Vt > we have that G AT, i i— > r((x — is a 

non-negative valued function, also since t((x — (f) t+s (x))x*) = t((x — (f) t (x))x*) + 
T~((<Pt/2(x) - <Ps(<Pt/2(x)))<Pt/2(x)*) > r((x - 4> t {x))x*), we have that t i-> t((x - 
<f>t(x))x*) decreases to as t — > 0. Hence if {</>t}t does not converge uniformly 
on (-B)i as t — > then 3co > such that V£ > 0, 3xt G (-B)i, such that r({xt — 
4>t(x t ))x* t ) > co- Therefore r((x t - 771 ^(a^))^) = / °°e~ s r((xt - 4> st {x t ))xl)ds > 
e~ s cods > cq(1 — e _1 ), thus {rj a } a does not converge uniformly on (B)i as 
a — > oo. 

Conversely if {</>t}t does converge uniformly on (£?)i as t — > 0, then \/x G (-B)i we 
have \\x — t] a (x) W2 < J °° e s ||x — s / a (x)||2£is and since ||x — 0t(x) H2 < 2, Vx G (-B)i, 
t > it follows that {r7 a } Q also converges uniformly on (-B)i as a — > 00. □ 

Finally we mention that also generates a completely Dirichlet form as is 
shown in [S3] by the formula: A* = 7r _1 J °° t _1 / 2 (id — r] t )dt. 

Example 1: Suppose T is a countable discrete group, % : V — > (9(/C) is an orthogonal 
representation, and 6 : V — > /C is a 1-cocycle. Then associated to this cocycle is a 
conditionally negative definite function ip given by ^(7) = II°(7)II 2 j there is also a 
semigroup of positive definite functions {<pt}t given by y>t{l) = e _t ^^ 7 \ and there 
is also the set of positive definite resolvents {x Q } a given by Xa{l) = ot/(a + VKt))- 
Let = /C®]RL 2 (L(r)) and equip 7i with the L(T) bimodule structure which 
satisfies w 7 (£ <g> f) = tt( 7 )£ <g> u 7 f and (f <g> f )u 7 = £ <g> f u 7 , V7 G T, f G ft, 
£' G L 2 (Lr). Let 5b : Cr — > ft be the derivation which satisfies (^(u^,) = &(t) <8>w 7 , 
V7 G T, then 5& is a real closable derivation and so as described above we can 
associated with 5b the c.c .n. map A along with the deformations {</>t}t and {?7a}a- 
It can be easily checked that we have the following relationships: 

A{ Ul ) = v>(7K,v 7 Gr, 

0t (u 7 ) = ^(7)w 7 ,V7 g r,t > 0, 
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r} a (u^) = X a (7)« 7 ,V7 g r, a > 0. 

Note that in this case we have that if A < V then the derivation <5{,|ca is inner if 
and only if the cocycle b\\ is inner if and only if the deformation {r] a } a converges 
uniformly on (LA)!. Note also that if K, is the left regular representation of V then 
H is the coarse correspondence for L(T). 

Example 2: Suppose (M 1; ti) and (M 2 , r 2 ) are finite diffuse von Neumann algebras, 
and let (M, r) = (Mi * M 2 , n * r 2 ). If we let ^ : M x * Alg M 2 -> L 2 (M) <g> L 2 (M) 
be the unique derivation which satisfies 6i(x) = x (E) 1 — 1 <g> x, \/x G Mj and 
Si(y) = 0, Vy G Mj where j 7^ i. Then it is easy to check that Si defines a closable 
real derivation and a simple calculation (see for example Corollary 4.2 and the 
following remark in [Pe]) shows that the associated semigroups of c.p. maps are 
given by 4>\ = (e~ 2s id + (1 - e~ 2s )r) * id, and 4> 2 S = id * (e~ 2s id + (1 - e~ 2s )r). 
Hence we have that {4>{} s does not converge uniformly on (M)i as s — > 0. 

2. Approximation properties. 

Throughout this section 6 will be a real closable derivation, Z\ = 6*6 the corre- 
sponding generator of a completely Dirichlet form, and also {rj a } a , and {4>t}t will 
be the deformations described above. 

2.1. Lemma. Ifx,y,xy G £>(/A), £/ien ||Z\(x)y+xZ\(y)-Z\(xy) ||i < 2||<y(x)||||<J(y)||. 
Proof. \/z G -D(5) such that ||z|| < 1 we have 

|r(2\(x)yz + x4(y)z-^^ 

= \(6(x),6(z*y*)} + (S(y),S(x*z*)) - + 6(x)y, S(z*))\ 

= \(6(x),z*6(y*)) + (6(y) 1 6(x*)z*)\ 

<||*(x)||||zW)ll + ll%)IIII^VII<2||*(x)||||*(y)||. 

As D(6) is weakly dense the result follows by applying Kaplansky's Theorem. □ 

1 li 

2.2. Lemma. Let {??a}a be the deformation described above, Va > 0, r) a = 
tt" 1 jo°° i TW T l<*{i+t)/t dt > also (id~Va) 1/2 = vr- 1 / ° o ^ T ^(i(i-?7 to/(1+t) )rft. 

Proof Va > 0, £ > we have: 

77a (* + Va)' 1 = Va((t(a + A) + 0>)(a + A)' 1 )' 1 
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1 . ...a(l + t) a,a(l + t) 1 

Hence ??a /2 = tt -1 / °° t~ 1/2 ?? a (t + ^a)" 1 ^ = tt" 1 jo°° n^T^H-*)/*^- 

The formula for (id — ^a) 1 ^ 2 is shown similarly. □ 

l li 

Since the range of rid is the same as the domain of o we may take the compo- 
sition 5 o r]]J 2 to obtain a bounded operator from L 2 (N, r) to 7i whose norm is no 

more than (2a) 1 / 2 . In fact a\\x — ^a(^)||l ^ 11^ ° ^^(^Olll = olt{{x — ?7 a (x))x*) < 
a||a; — ^(^Olh, Vx G AT". It will be convenient therefore to use the following nota- 
tion, we will let Q a = nl/ 2 , and we will let <5 a = a! -1 / 2 5o£ a . The next lemma shows 
that 8 a is almost a derivation. 

2.3. Lemma. Using the same notation as above VF C (N)\, such that {r] a } a 
converges uniformly on F (F possibly infinite), Ve > 0, 3a > 0, such thatWa > «o 
we have that \\S a (ax) — C a (a)S a (x) — 5 a (a)( a (x) || 2 < e, Va G F , x G 

Proof. We will prove the Lemma in two parts: (a), (6). First we show that the 
vectors 5 a (ax) and Ca(«)^a(2 ; ) + 5a(«)Ca(^) have approximately the same size, and 
then we show that the vectors have large inner product. The main difficulty is that 
we may not apply the product rule to a vector of the form a~ 1 ^ 2 5 o ( a (ax) and thus 
in order to estimate the size on an inner product we must translate the expression 
in terms involving A? and then use Lemmas 2.1 (with the generator A?) and 2.2 
to estimate these expressions. However some care is involved here as Lemma 2.1 
only gives an estimate in || ■ ||i and thus we must make sure that when we apply 
2.1 the term we are taking the inner product with is bounded in uniform norm. 

Thus each of the parts above separate into three steps: (1), (2), (3). The first 
step we use the properties of the derivation to set up the || • ||i estimate from Lemma 
2.1, the second step we translate to terms involving A? and use 2.1, and then the 
third step we use Lemma 2.2 and then translate back into terms of the derivation 
to finish the estimate. 

Let F C (N)i be given as above and let e > 0. It follows from Lemma 2.2 and 
Section 1.1.2 of [P4] that 3ao > such that Va > ao we have \\a — rj a (a)\\2 < 
( £ /64) 4 , \\a - Ua)\\ 2 < e/100, and ||a(id - Va ) 1/2 (x) - (id - Va ) 1/2 (ax) || 2 < 

tt" 1 jo°° T+t ll a? ?ta/(i+t)(^) ~ Vt a /(i+t)(ax)\\ 2 < e/100, Va G F, x G (N) t . Then 
by using the product rule for the derivation we have 

(a.l) |a- 1 ||o(Ca(a)Ca(x))|| 2 -a- 1 (o(Ca(x)),o(Ca(a*)Ca(a)Ca(x)))| 

<8||5 a (a)||<8||a-?7 Q (a)||J /2 <£/8. 
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By Lemma 2.1 we have 
(a.2) \a- x {A^ o ( a (x), AH( a (a*)( a (a)( a (x))) 

-a-^A 1 * oC«(x),Ca(OCa(a)^ °Ca(^)>| 

<2a 1 /2||^i (CQ(a * )CQ(a)Ca(;r)) _ CQ(a * )CQ(a) ^| oCQ(x) || l 
<2a 1 /2||^i (Ca(a * )Ca(a)) || l + 4a i/4||^i (Ca(a * )Ca(a)) || 2 

<4||a-r ?a (a)||J /2 + 8||a-r ?Q (a)||J /4 < £ /4. 
Also from the assumptions above we have 

(a.3) a-'IIICaCa^oCaC^lli-HiaioCaWllll 

< 4a- 1 / 2 ||C«(a)^' o (a(x) - A* o ( a (ax) || 2 
< 8||Ca(a) - a\\ 2 + 4||a(id - Va ) 1/2 (x) - (id - Va ) 1/2 (ax) || 2 < e/8. 
Hence by combining (a.l), (a.2), and (a.3) we have shown 

(a) |||a-V 2 o( Ca (a)CaOr))|| 2 - || ^ (ax) || 2 1 < e/2. 

Similarly by using the product rule we obtain that 
(b.l) |a- 1 (o(Ca(a)Ca(^)),o(Ca(ax)))-a- 1 (o(Ca(x)),o(Ca(a*)Ca(ax)))| 

<4||5 Q (a)|| <4||a-r ?a (a)|| 2 /2 <£/16. 
Again by Lemma 2.1 we have 

(b.2) \cT x (A* oC a (x),A^(Ca(a*)U^))) 

-a-^A* oC a (x),C a (a*)A* oC a (ax))\ 
<2a- 1 / 2 \\A-z(Ua*)Uax))-Ua*)A 1 i oCa(ax)||i 

< 2a-^ 2 \\AUUa*)Uax)\\ 1 +Aa 1 ^\\A^oUalh 
<2\\a- Vct (a)\\ 1 2 /2 +4\\a- Va (a)\\ 1 2 /4 <e/8. 
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Also from the assumptions above we have 

(b.3) \a-\C a {a)A^ o ( a (x),A? o ( a (ax)) - a" 1 ))/^ ( a (ax)\\l\ 

< 4||C a (a) - a\\ 2 + 2||a(id - r, a )^ 2 (x) - (id - r }a ) 1 /\ax) || 2 < e/16. 
Thus using (6.1), (6.2), and (6.3) we have 

(b) Ka-'/^iCMU^Xiax)) - \\8 a (ax)\\ 2 \ < e/A. 

Hence by (a) and (6) we have that 

\\S a (ax) - ( a (a)5 a (x) - 5 a (a)( a (x) || 2 

= ||5 Q (ax)-«- 1 / 2 5(Ca(a)Ca(x))|| 2 
= \\5 a (ax)\\ 2 -2^(a- 1 /H(Ua)Ux» 

+2\(a- 1 / 2 5(Ua)Ux)),~5 ct (ax)) - || ^ (acc) || 2 1 < e. 

□ 

The vectors S a (x) may not be right and left bounded and thus vectors of the form 
Ca( a )$a( x ) and a8 a (x) may be far apart even if a and Ca( a ) are close. The next 
lemma will allow us to handle this type of situation by showing that the normal 
state associated with S a (x) has nice properties once we compose it with £ Q . 

2.4. Lemma. Given x G N, such that S(x) ^ 0, and a > let ifj* be the normal 
state given by ip^(y) = \\S a (x)\\~ 2 (y5 a (x), S a (x)). 

(i) . Fory G D{8), we have ^(y) = ±\\6(( a (x))\\- 2 ((A l 2 (y( a (x)), A 1 * (( a (x))) + 
(AHUx*)y),AHUx*)))-{AHy),AH( a (x)Ux*)))). 

(ii) . \/e > 0, F C N finite, 3«o > 0, such that \/x G N, a > ao we have that 
|VS(CaM) - VS(Ca(a)Ca(^))| < e/ \\ x - Va (x) || \, Va G F , z G (Afh. 

(in). Vx,yeN,a>0, \^ o ( a (y)\ < 20\\y\\ 2 /\\x - Va (x)\\ 2 . 

Proof, (i). This follows by using the Leibniz rule for 5 as in Lemma 2.1. 

(ii). Let e > 0, by Lemma 2.3 3a i > such that Va > a\, a G F, z G (iV)i we 

have a- 1 / 2 ||Z\5(C a ( a ^) - C«(a)Ca(*))||2 < W/1&) 2 . By Lemma 2.2 and 1.1.2 in 
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[P4] let cto > a i such that Vet > cto we have HCo^az) — aCaC^) 111 < ^( £ /16), Va E F, 
Then by Lemma 2.1 we have that Va E F : z E (iV)i, a > cto, 

a- 1 |(il'((Ca(az)-Ca(a)CaW)Ca(a;)),il'(Ca(x))>| 

<2a- 1 /^((Uaz) - Ua)Uz))Ux))\\i 
< A\\Uaz) - Ca(a)Ca(z)\\i + 2a- 1 / 2 \\A 1 *(Uaz) - C«(a)C«(*))||i 

+l6a- l ^A^Uaz) - Ua)Uz))\\2 2 < 2e/3. 
Similarly we have that 

a- 1 \{A^(Ca(x*)(Ca(az)-Ca(a)Ca(z))),A^(Ca(x*)))\ < 2e/3. 

Also 

a- 1 |(Z\^(Ca(a^)-Ca(a)CaW),^^(Ca(x)Ca(^)))| 

< 4a- 1 / 2 ||^3(CaM - Ca(a)CaW)ll2 < 2e/3. 

Hence by (i) and the triangle inequality we have that \ip^(( a (az))— ip^(( a (a)( a (z))\ < 
e/\\~S a (x)\\ 2 <e/\\x- Va (x)\\l 

(Hi). Let x, y E N, a > 0, then 

a-^AHUyKAx^^AHUxM 

<2a- 1 ' 2 \\AHUy)Ux))\\i 
< 4||Ca(y)||i + 2a- 1 /2|| Z ^( CQ ( 2/ ) ) || 1 +4a- 1 / 4 ||Z\i(C a ( 2 /))|| 2 < 16||y|| 2 . 
Similarly we have that 

Also 

a- 1 |(Z\^(Ca(2/)),^(C a (^)Ca(x*)))| 

<4a- 1 /2||^^( Ca ( 2/ ))|| 2 < 8 ||t / || 2 . 
Hence just as above we have that \ip* o ( a (y)\ < 20||j/|| 2 /||a; — rj a (x)\\\. □ 
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3. L 2 -RIGIDITY. 

3.1. Definition. Let N be a finite von Neumann algebra with trace r, if M is a 
finite von Neumann algebra with trace r' such that N C M , t'\n = t, and d is a 
densely defined real closable derivation on M into (L 2 (M,t')®L 2 (M,t'))® 00 then 
we say that the associated deformation {?7a}a is an L 2 - deformation for N . 

If B C N is a von Neumann subalgebra, the inclusion (B C N) is L 2 -rigid (or 
B is an L 2 -rigid subalgebra of N) if any L 2 -deformation for N converges uniformly 
on (B)i. We will say that N is L 2 -rigid if the inclusion (N C N) is L 2 -rigid. 

3.2. Remarks. 1. It follows trivially that if (B C N) is a rigid inclusion in the 
sense of [P4] then (B C N) is L 2 -rigid. 

2. By the definition it follows that if M is a finite von Neumann algebra with normal 
faithful trace r and B C N C M are von Neumann subalgebras, then (B C M) is 
L 2 -rigid if (B C N) is L 2 -rigid. 

3. If T is a discrete group such that £ 2 Y) ^ {0} then from Example 1 in 
Section 1 we have that LT is not L 2 -rigid. Also if (Mi,ti) and (M 2 ,r 2 ) are finite 
diffuse von Neumann algebras then from Example 2 in Section 1 we have that 
(Mi * M 2 , 7~i * r 2 ) is not L 2 -rigid. 

4. If T is a countable discrete group which has a proper cocycle b : V -> (£ 2 r)®°° 
(for instance r = F n , 1 < n < oo) then LT has no diffuse L 2 -rigid von Neumann 
subalgebra. Indeed if {rj a } a is the associated deformation then r\ a G JC(L 2 (LT)), 
Va > and thus if B C Lr is a von Neumann subalgebra such that Ve > 0, 3a > 
such that Va > «o, i G Bi we have \\x — rj a (x)\\2 < e then we must have that B 
cannot be diffuse (see for example Theorem 5.4 in [P4]). 

Suppose r = Ti x T 2 where Ti is infinite and T 2 is nonamenable, let us now 
sketch a simple proof that i? 1 (r, £ 2 T) = {0} (see also Corollary 10 in [BV]). Suppose 
b : r — > £ 2 r is a 1-cocycle, as T 2 is nonamenable £ 2 T does not weakly contain 
the trivial representation for T 2 (see [MV]), hence 3K > 0, 71, . . . , 7 n e T 2 such 
that G £ 2 r, ll^ll < KEf =1 ||A(7i)^ - In particular we have that V7 G Ti, 

||6( 7 )|| < /ra? =1 ||A( 7 i)6( 7 ) -6(7)|| = /ra? =1 ||A( 7 )6(7i) -6( 7 *)|| < 2tfE£ =1 ||&( 7i )||. 
Thus we have shown that b\r t is bounded and hence we may subtract from b an 
inner cocycle and assume that b^ t = 0. Therefore we have that V7 G T 2 , 6(7) is a 
Ti-invariant vector, and since Ti is infinite we must then have that 6(7) = 0. Thus 
we have shown that 6 = 0. 

In Theorems 3.3 and 3.5 we will use the same idea as above to show that if 
iV = Q®B is a Hi factor where Q is nonamenable and B is diffuse then iV must be 
L 2 -rigid. Note that given a closable derivation 5 on N there is no reason to expect 
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that Q or B is contained in the domain of 5, thus it is necessary to use 5 a which is 
everywhere defined and by Lemma 2.3 is almost a derivation. Also note that given 
x G A, S a (x) may not be left and right bounded and thus we have that vectors of 
the form yS a (x) and (, a (y)8 a (x) may not be close. This type of situation is handled 
by Lemma 2.4 and using Connes' characterization of amenability [CI] that a factor 
is amenable if the trace has a purification on the minimal tensor product. 

Given a free ultrafilter u, and a unital, tracial, c.p. map <f> on a finite von 
Neumann algebra (M, r) we may extend to a unital, tracial, c.p. map on M w 
by setting (f>(x) = (4>(x n )) n if x = (x n ) n . If {<p L ~\ L is a deformation on M which 
does not converge uniformly on (M)i then the extension to N 1 ^ does not converge 
pointwise in || ■ || 2 to id. We will show however in the next theorem that if Q is a 
nonamenable subfactor then not only does an L 2 -deformation converge pointwise 
but it actually converges uniformly to id on (Q' fl M LO )i. 

3.3. Theorem. Suppose (A, r) is a finite von Neumann algebra with normal 
faithful trace r and {?7 a } a is an L 2 - deformation for A. If Q C A is a nonamenable 
subfactor and u is a free ultrafilter then {r] a } a converges uniformly on (Q' fl A w )i 
as a — > oo. In particular if Q C A is a nonamenable subfactor then the inclusion 
(Q' H A C A) is L 2 -rigid. 

Proof. Suppose that the deformation rj a does not converge uniformly on (B)i 
where B = Q' n N u . Then 3c > such that Va > 0, 3x a G (B) 1 such that 
II — Va(xa)\\2 > c. We will show that this implies that Q is amenable. 

By [CI] to show that Q is amenable it is enough to show that |r(Eaj6*)| < 
||£ai<g> min 6° p ||, Vai, . . . ,a n ,6i,... ,6 n G Qi- Note that as a Q-<5 bimodule (L 2 (M)®L 2 (M)) 
is just a direct sum of coarse correspondences and so the representations of Q and 
Q op on Ti given by the left and right module structures induce the minimal tensor 
norm. 

Let e > 0, ai, . . . , a n , b\, . . . , b n G Q\, since Q is a factor there exists a finite set 
F C and < 6 < e such that if ip G Q* is a normal state and ||[V'?' U ]|| < ^ 5 

Vw G F then |r(Saj6*) - ^(Ea^*)| < e/3. Let F'=FU {& < } i , and by Lemma 
2.3 let cko > such that Va > cto, 2/ G F' , x G (A)i we have ||[Ca(y)> ^a(^)]|| < 
c 2 d/4n + \\~S a ([y, x})\\ < c 2 d/4n + 2|| [y, x] || 2 . 

Let x a = (xa)k where \\x^\\ < 1, V/c G N then 3/c = G N such that 

II [Vi x a\ II 2 < c 2 5/8n, Vy G F', and || x^—Votix^) lb > c. Thus if we let ip a be the state 
given by z 1— > ||5 Q (x^)|| _2 (2;5 Q (a;Q), 5 a (x^)), then by Lemma 2.4 3a > cto such that 
we have |^ a o^ a (Eaj6*) — ip a (E( a (ai)( a (b*))\ < e/3. Also we may assume that Wz G 
Qi, u E F \ip a oC a (uzu*)-ip a (Ca(uz)Ca(u*))\ < 5/3, and \ip a ((a(u*)( a (uz)) -ip a o 
(a(z)\ < 5/3. Since FcF'we have that \ip a ((a(uz)( a (u*)) - ^ a ((a(u*)( a (uz)) \ < 
8/3, and so by the triangle inequality we obtain that || [ip a o ( ai u]\\ < 5, Vw G F. 
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Hence 

|r(EaA*)| < |VaoCa(SaA*)|+£/3 
< |V«(ECa(fli)Ca(6:))| + 2e/3 

= ||5 Q (^a)ir 2 |(SCa(a l )Ca(^*)5a(^a),5 a (x a ))| + 2e/3 
< ||5a(x a )|r 2 |(ECa(a l )5 Q (Xa)Ca(6*)^a(x a ))|+£ 

< || Ea; ® mi „ 6° p || +e. 

Since e was arbitrary we have that |r(£ai&*)| < ||£aj <S> m in fr° P || and thus Q is 
amenable. □ 

3.4. Corollary. Let V be a countable group and suppose there exists a proper 
cocycle b : V — > £ 2 (r)®°° , if B C £(T) diffuse then every subfactor of B' fl L(r) 
is amenable. In particular all nonamenable sub) "actors of L(T) are prime. 

Proof. This follows directly from Theorem 3.3 and remark 3.1.4. □ 
We will now show that L 2 -rigidity passes to normalizers. 

3.5. Theorem. Suppose (N, r) is a finite von Neumann algebra with normal 
faithful trace r and {i] a } a is an L 2 -deformation for N. If B C N u is a diffuse 
von Neumann subalgebra such that {q a } a converges uniformly on (B)i, then {r]a} a 
converges uniformly on W*{N C\ Nn"{B))\. In particular if B d N is a diffuse 
von Neumann subalgebra and (B C N) is L? -rigid, then (W*(A/jv(-B)) C N) is also 
L? -rigid. 

Proof. Let 1 > e > 0, using Lemma 2.3 3a' > such that Vet > a' , x = 
(x n ) n G Bi (with ||x n || < 1), y G iV~i we have lim n ^ ||^ a (a; n ) - x n \\ 2 < e/8, and 
lim n ^ \\G a (xn)S a (y) + 5 ce (x n )( ce (y) - 8 a (x n y)\\ < e/8. Take v £ N (~) M N ^(B) 
and a > a' , then since B is diffuse, by the mixing property of the coarse cor- 
respondence we have that 3u = (u n ) n G U(B) (with u n G U(N)) such that 
||5 Q (f)|| 2 < \im n ^ UJ 2\\C a (u n )S a (v)Ca(v*K v ) -&a(v)\\2. Hence we have: 

\\v ~ Va(v)f 2 < fSMf 
< lim 4\\( a (u n )5 a (v)( a (v*u* n v) - 5 a (v)f 

n— >uj 

< lim 4(||5 a (it n )|| + \\8 a (u n )( a (v) + (a{u n )8 a {v) - 6 a (u n v)\\ 

+\\S a (v*u^v)\\ + \\S a (u n v)C a (v*u^v) + (, a {u n v)8 a {v*u* n v) - S a (v)\\) 2 < e 2 , 

as the maps 7] a are tracial the result then follows by standard arguments (see [P2]). 
□ 
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3.6. Corollary. If N is a nonamenable Hi factor which is non-prime or has 
property T, then N is L 2 -rigid. 

Proof. If N = Q®B with Q a nonamenable factor then by Theorem 3.3 we have 
that (B C N) is L 2 -rigid. If B is diffuse then by Theorem 3.5 we then have that 
N is L 2 -rigid. 

Also if N is a nonamenable factor then by Theorem 3.3 if u is a free ultrafilter 
then any L 2 -deformation converges uniformly on (N' H N UJ )i, if N has property 
r then N' fl N 1 ^ is diffuse and so from Theorem 3.5 we would have that the L 2 - 
deformation converges uniformly on (N)i. □ 

3.7. Corollary. Let N be a finite von Neumann algebra such that N is a free 
product of diffuse finite von Neumann algebras or let N = LT where V is a countable 
group with ^(TJ 2 ^)) ^ {0}. 

1. If B C N is a regular diffuse subalgebra then every subf actor of B' fl N is 
amenable. 

2. Any nonamenable regular subfactor of N is prime and does not have properties 
r or (T). 

Proof. 1. If Q C B' fl N is a nonamenable subfactor then by Theorem 3.3 we would 
have that (B C N) is L 2 -rigid, hence by Theorem 3.5 we would have that N is 
L 2 -rigid and thus the result follows from remark 3.1.3. 

2. By Corollary 3.6 and Theorem 3.5 if N has a regular subfactor which is non- 
prime or has properties V or (T) then N is L 2 -rigid and so as above the result 
follows from remark 3.1.3. □ 

Note that if V is finitely generated and non-amenable then by [BV] if 1 (r,£ 2 (r)) ^ 

(2) 

{0} if and only if b\ (T) > 0. For nonamenable groups which are not finitely gener- 
ated it follows from a result of Gaboriau that if H 1 (T, i 2 (T) ) ^ {0} then bf } (T) > 0, 
however the reverse implication is open [MV]. 

4. L 2 -RIGID SUB ALGEBRAS IN FREE PRODUCT FACTORS. 

Let (Mj,Tj), i = 1,2 be finite von Neumann algebras, denote M = Mi * M 2 . 
Let Si : Mi * A j g M 2 — > L 2 (M) ® L 2 (M) be the unique derivation which satisfies 
Si(x) = x <S> 1 — 1 <E> x, Wx G Mj and Si(y) = 0, My G Mj where j ^ i. Then as above 
we have that 4>l = (e~ 2s id + (1 — e~ 2s )r) * id, and <p 2 = id * (e~ 2s id + (1 — e~ 2s )r) 
are the associated semigroups of c.p. maps. 

If Q is an L 2 -rigid subalgebra of M then we may interpret the fact that the 
above deformations converge uniformly on (Q)i as saying that Q has "bounded 
word length" . Thus one would expect that a corner of Q embeds into either Mi or 
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M 2 . We will show in this section that this is indeed the case, we do this by first 
showing that Q must be rigid with respect to the deformations used in [IPP] , then 
we may apply the word reduction argument in [IPP] (Theorem 4.3) which gives the 
result. 

Recall that if we let U\ = L 2 (Mi) Q C then we may decompose L 2 (M X * M 2 ) in 
the usual way as 

l 2 (m 1 *m 2 ) = c©0 

n>l i 3 e{l,2} 
»l^»2i"' >»n — 

4.1. Lemma. Let {M\,ti), (M 2 ,t 2 ) be finite von Neumann algebras. As in 2.2.2 
of [IPP] denote M = M l * M 2 , Mj = M i * L{1), j = 1, 2, and M = M l * M 2 = 
M * L(F 2 ). Let hj G L(¥ 2 ) be self-adjoint elements such that Uj = ex.p(mhj), 
where ui,u 2 G L(¥ 2 ) are the canonical generators of L(W 2 ). Let u l - = exp(nithj), 

and set 9t = Ad(u\) * Ad(u 2 ) G Aut(M), a one parameter group of automorphisms. 
Suppose Q C M is a von Neumann subalgebra, then the deformation {9t}t converges 
uniformly on (Q)i as t — > if and only if the deformations {4> J S } S converge uniformly 
on (Q)i as s — > 0, j = 1, 2. 

Proof Let e > such that t(uj) ^ 0, \/t < e , j = 1,2. Let t < e , it is 
then a simple exercise to check that if fj(t) = — log(|r(u*-)|) then r(9 t (x)x*) = 
t(4> J j- ^(x)x*) 1 Vx G Mj. In fact using the direct sum decomposition above one sees 
that if x = x\x 2 • • -x n , where ij G {1,2}, j < n, %\ ^ i 2 , • ■ • ,i n -i in, and Xj G 
Hi-i - n - Then in fact we have that r(9 t (x)x*) = T{9 t {x\)x\) ■ ■ ■r(9 t (x n )x^) = 
r((p% iit) (x 1 )xl)---T( ( f ) y init) (x n ^ 

Moreover since both of the maps t \ M and 0^( t ) ° 0/ 2 (t) take orthogonal vectors 
to orthogonal vectors we have that r(9 t (x)x*) = ^((p 1 ^^ o 0y 2 ^(x)x*), G M. 

Since 110^^) ° ( t ) %(t)( x ) ~~ X \U > H0/-(t)( x ) ~~ X \U, Vx G M, j = 1,2, and since 
fj(t) — > 0, j = 1, 2 as t — > the result follows easily. □ 

4.2. Corollary. Let Mi and M 2 be separable II\ factors, and let M = Mi * M 2 . 

If (Q C M) is L 2 -rigid then there exists a unique pair of projections qi, q 2 G Q'DM 
such that qi + q 2 = 1, and Ui(Qqi)u* C Mj for some unitaries Ui G U{M), % = 1,2. 
Moreover, these projections lie in the center of Q' fl M. 

Proof. Suppose (Q C M) is L 2 -rigid, then by definition we have that the deforma- 
tions {4> J s }si converge uniformly to id on {Q)\ as s — > 0, hence by Lemma 4.1 the 
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deformation {0 t }t also converges uniformly on (Q)i as t — > 0. A check of Theorem 
4.3 in [IPP] shows that these are the only two facts used from the rigid inclusion. 
Thus the result follows from Theorems 4.3 and 5.1 in [IPP]. □ 

5. Unique prime factorization and non-L 2 -rigid factors. 

In this section we will adapt Theorems 3.3 and 3.5 and use Popa'a intertwining 
technique along with the results in [OP] in order to show that if Mj are Hi factors 
which have derivations into L 2 (Mj) ®L 2 (Mj) which do not "vanish" then the tensor 
product has unique prime factorization (up to amplification and unitary conjugation 
of the factors). In order to satisfy the conditions of Popa's intertwining criteria 
(Theorem 2.1 in [P5]) it will be necessary to assume that the derivation is actually 
densely defined on Mj. This is a formally stronger condition then the negation 
of L 2 -rigidity, however note that both examples 1 and 2 in section 1 satisfy this 
condition. For the following theorem if M = M\®M 2 ® • • • <S>M m then we will denote 
by M[ the resulting von Neumann subalgebra obtained by replacing Mj with CI so 
that M = Mi® M<, 

5.1. Theorem. Let Mi be nonamenable II\ factors 1 < i < m, suppose that 
each Mj has a densely defined real closable derivation into (L 2 (Mj) <g> L 2 (Mj))®°° 
such that the associated L 2 - deformation does not converge uniformly on (Mj)i. Let 
M = M\®M 2 ® • • ■ ®M m . Assume that B C M is a regular type II\ factor such 
that B' fl M is a nonamenable subfactor. Then 3k G {1, . . . , m}, t > and a 
unitary element u G U{M) such that uBu* C (M' k Y ®Cc (M^^Mc) 1 /* = M. 
If in addition we have that the L 2 -deformations above may all be taken compact 
then B need not be regular. 

Proof Let 8 l : Mi -> (L 2 (M l )®L 2 (Mj))®°° be a densely defined closable real 
derivation such that the corresponding deformation {rj^} does not converge uni- 
formly on (Mj)i. Then we may embed (L 2 (M i )®L 2 (M i )) (B(X1 into 7^ = (L 2 (M)® M ^L 2 (M))® 
in the natural way as Mi-Mi Hilbert bimodules and we then may extend Sq to a 
densely defined closable real derivation 5 l on M by setting 5 l {x) = 0, Vx G M/. We 
denote by {17^} the corresponding deformations on M, so that fj l a = rf a ® id, also 

letC = C®id = (^) 1/2 - 

We will proceed as in Theorem 3.3 to show that if each does not converge 
uniformly on (-B)i then we must have that Q = B' fl M is amenable. Indeed if 
this is the case then 3c > 0, such that Vet > 0, % < m, 3x % a G (B)i such that 
\\ x a - Va( x a)h ^ c - Let £ > 0, cxi, . . . , a n , b\, . . . ,b n G Qi. Let F C U{Q) finite, 
and < 5 < e such that if ip G Q* is a normal state and || [ip, u] \\ < 6, \/u G F 
then |r(£aj&*) - ^(Saj6*)| < e/3. Let F' = F U {6j}j, by Lemma 2.3 let a > 
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such that Vet > a 0: y G F', x G (-B)i we have || [Cq:(2/)> ^aC^)] II < c 2 S/4nm and 
||[CaG/)) x ]ll2 < c 2 8/8nm where ( a = Ca ° ' " ° CT an d C* is obtained by omitting 
C a from Ca- 

Let m7~Lm = H-i® m • • • ®M^im^ and note that H may be embedded into 

(L 2 (M)®L 2 (M))®°° as M-M Hilbert bimodules. Let £ Q = d&(a£)<g>- • -(^(x™ ) G 
7Y, and let ip a be the normal state given by z i— > ||£c,|| ~ 2 {z^ a , £ a ). Then ip a = 
■ ■ wnere V'a i s the state given by 2; 1— > ||<5£,(Xa)|| ~ 2 (z(^,(a;^), <5£,(x^,)) hence we 

may apply Lemma 2.4 (parts (ii) and (hi)) to insure that for large enough a we have 

|r(EaA*)-V>aoC a (£aA*)| < e/3, and |V> Q ° Ca(^A*) - V>a(£C*(^)Ca (&*))[ < e/3. 
Then the same proof in 3.3 shows that we obtain |r(Eaj&*)| < ||Eaj ® m i n &° P |I + £• 
Since £ was arbitrary we have that Q is amenable. 

Therefore if B' D M is a nonamenable factor then we have shown that 3k < m 
such that the deformation {r)^} converges uniformly on (B)±. Next we show that 
if this is the case then we have that a corner of B embeds into M' k inside of M, i.e. 
there exists a non-zero projection / in B'D{M, e^' ) of finite trace Tr = Tr^ MjE , y 

k 

If we do not have that a corner of B embeds into M' k inside of M then by 
Corollary 2.3 of [P5] there exists a sequence of unitaries {u n } n C U{B) such that 
\/x G M, || E M > (xu n ) || 2 — > 0, as n — > 00. Since CaiM' = ^ we nave that Vx G M, 
\\Em' ( x Ca( u n))\\2 0, as n — > oo, and since M£ is regular in M this implies 
ll-^M' (^Ca^n)?/)!^ — 0, as ?i — > oo, Vx, j/ G M. In particular this shows that 
Vt; eV M (5), 3w G such that 

(5-1.1) IICJ(«)S(«)CJ(«*«*«) -6i(v)\\ > \\~S k a (v)\\ 

On the other hand since B is regular and since {?7q} q does not converge uniformly 
on (M)i, 3c > such that Va > 0, 3v a G Mm{B) such that ||^(v Q )|| > \\v a - 
Va( v a)\\2 > Co- By Lemma 2.3 Ve > 0, 3a > such that Vet > cto, « G W(-B) we 
have that 

llCj(«)SMCj(«a«*«a)-**(t;a)||<e. 

Thus for e < c we have 

HCj(«)*i(«a)Cj(«X«a) -^K)|| < ||^K)||, 

for each tt e U(B), which contradicts (5.1.1). 

If B is not regular but each deformation is compact then we may apply the proof 
of Theorem 6.2 in [P4] to show that a corner of B embeds into M' k inside of M in 
this case also. 
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Thus in either case since B' fl M is a factor we may then apply Proposition 12 
in [OP] to obtain the result. □ 

As a consequence of the previous theorem, we obtain from [OP] the following 
unique prime factorization result. 

5.2. Corollary. Let Mi be nonamenable II\ factors 1 < i < m, suppose that each 
Mi has a densely defined real closable derivation into (L 2 (Mi) ® L 2 (Mj))®°° such 
that the associated L 2 - deformation does not converge uniformly on (Mj)i. Assume 
iVi® • • • ®N n = Mi® ■ ■ ■ ®M m , for some prime II\ factors Ni, . . . , N n , then n = m 
and there exist t\ y t^-, ■ ■ ■ , t m > with tit 2 • • • t n = 1 such that after permutation of 
indices and unitary conjugacy we have = M^, Vk < m. 
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